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Abstract: Entanglement (Re´nyi) entropies of spatial regions are a useful tool for char-
acterizing the ground states of quantum field theories. In this paper we investigate the
extent to which these are universal quantities for a given theory, and to which they dis-
tinguish different theories, by comparing the entanglement spectra of the massless Dirac
fermion and the compact free boson in two dimensions. We show that the calculation of
Re´nyi entropies via the replica trick for any orbifold theory includes a sum over orbifold
twists on all cycles. In a modular-invariant theory of fermions, this amounts to a sum over
spin structures. The result is that the Re´nyi entropies respect the standard Bose-Fermi
duality. Next, we investigate the entanglement spectrum for the Dirac fermion without a
sum over spin structures, and for the compact boson at the self-dual radius. These are
not equivalent theories; nonetheless, we find that (1) their second Re´nyi entropies agree
for any number of intervals, (2) their full entanglement spectra agree for two intervals, and
(3) the spectrum generically disagrees otherwise. These results follow from the equality of
the partition functions of the two theories on any Riemann surface with imaginary period
matrix. We also exhibit a map between the operators of the theories that preserves scaling
dimensions (but not spins), as well as OPEs and correlators of operators placed on the real
line. All of these coincidences can be traced to the fact that the momentum lattice for the
bosonized fermion is related to that of the self-dual boson by a 45◦ rotation that mixes
left- and right-movers.
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1 Introduction
The quantum entanglement between spatial regions, as quantified by entanglement en-
tropies and entanglement Re´nyi entropies, is an important tool for characterizing the in-
frared behavior of extended quantum systems. In theories with a mass gap, these quantities
provide a characterization of topological phases where no local order parameter exists [1–4].
When the infrared limit is a nontrivial two-dimensional conformal field theory, computing
the entropy of an interval (for example in a lattice model) provides an efficient way to de-
termine its central charge [5]. The entropies of more than one interval in a CFT depend on
the full operator spectrum, and therefore give more refined information about the theory;
as an example, for a free compact boson the Re´nyi entropies of two intervals depend on
the compactification radius [6, 7].
An important question is thus whether the entanglement entropies (by which we mean
both von Neumann and Re´nyi entropies) of spatial regions in the ground state of a field
theory characterize that theory, in the following precise senses:
1. The entanglement entropies should be the same regardless of the presentation of the
theory (up to non-universal cutoff-dependent terms). That is, the same theory could
have two different Lagrangian descriptions, but the underlying spectra of states and
local operators are the same; in this case, for a quantity to be universal it should
give the same answer for both presentations. For example, in the case of the compact
boson, the Re´nyi entropies are T-duality invariant [6, 7].
2. The entanglement entropies should distinguish different theories.
Surprisingly, these statements appear to be challenged already by some very simple quan-
tum field theories, namely the free massless Dirac fermion and the compact free boson in
two dimensions. In the case of the Dirac fermion, the Re´nyi entropies for any number
of intervals have been computed by Casini, Fosco, and Huerta [8–10]. In the case of the
compact boson, the Re´nyi entropies for two intervals have been computed by Calabrese,
Cardy, and Tonni [6, 7]. Since the boson at radius R =
√
2Rsd (where Rsd is the self-dual
radius) is known to be dual to a theory of a Dirac fermion, one might expect that the
entropies computed by CFH would agree with those computed by CCT at that value of R.
In fact, they do not, seeming to violate point (1) above. Various explanations have been
put forward for this discrepancy, such as that the bosonization relating the two theories is a
non-local transformation on the fields appearing in the path integral, and hence might not
preserve the factorization of the Hilbert space according to spatial regions [7, 10]. Even
more curiously, the Dirac fermion Re´nyi entropies do agree with those for the boson at
R = Rsd, despite the fact that these two theories are certainly not dual to each other.
By conformal invariance the Re´nyi entropies for two intervals are effectively functions of
the cross-ratio of the four endpoints, so this is a non-trivial agreement between an infinite
number of functions of one real variable. This coincidence would seem to threaten point
(2).
In this paper we will show that in fact both points continue to hold. The key to
resolving the first discrepancy is to recall that there are two versions of the free Dirac
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fermion theory. We will show in Section 2 that the calculation of CFH [8], as well as a
subsequent calculation by Casini and Huerta giving the same result by a different method
[9], specifically produces the entanglement entropies for the Dirac fermion theory without
any projection on fermion number (and containing only NS-NS sector operators). This is
not a modular-invariant theory, and is not dual to the boson at radius
√
2Rsd. Instead, it is
only after a certain Z2 gauging, which introduces R-R operators and removes the fermionic
ones, that the theory becomes modular-invariant and dual to the
√
2Rsd boson. We will
show that when the Re´nyi entropies of theories with such discrete gaugings (including
orbifold theories) are calculated in terms of the partition functions on Riemann surfaces,
one must perform a sum over all twists by the gauge symmetry. This guarantees that the
Re´nyi entropies for arbitrary numbers of intervals are invariant under Bose-Fermi duality.
Thus, point (1) above is satisfied in this case.
Having dispensed with the boson at R =
√
2Rsd, in the remaining sections we will
explore the relationship between the original (unprojected) Dirac fermion and the self-dual
boson. Our goals will be to understand the origin of the surprising agreement between
their Re´nyi entropies for two intervals, to discover whether it extends to more than two
intervals, and to see whether such a coincidence could happen in other (perhaps more
complicated) theories. In doing so we will find that the theories are related by a new kind
of quasi-duality, which we call a “real duality”, that goes well beyond Re´nyi entropies.
In Section 3 we will study the partition functions of the theories on Riemann surfaces,
finding that they agree precisely when its period matrix is imaginary. Using the symmetries
of the Riemann surface involved in computing the nth Re´nyi entropy for N intervals, we
show that this condition holds when N = 2 for any n (explaining the agreement found
before), and also for any N when n = 2, but not more generally; the Re´nyis for n > 2,
N > 2 do indeed distinguish between these two theories, so condition (2) above is satisfied.
(Therefore the von Neumann entropies, which are related to the Re´nyi entropies by an
analytic continuation in n, also presumably distinguish between the theories for N > 2.)
Since the Re´nyi entropies are known for the Dirac fermion for all N [10], as a bonus of our
analysis we learn what the n = 2 Re´nyis are for all N (see equation (2.3)).
The agreement between the partition functions for imaginary period matrices is due
to the following relationship between the theories: If we bosonize the Dirac fermion, its
momentum lattice (which is simply Z2) is related to the one for the self-dual boson by a 45◦
rotation (see figure 4). This rotation preserves the scaling dimensions of the corresponding
momentum operators, but, since it mixes left- and right-movers, it changes their spins.
Since the two theories also have the same oscillator structure, they have the same total
spectrum of scaling dimensions, and hence the same torus partition function for imaginary
τ , i.e. on a rectangular torus. The agreement for higher-genus Riemann surfaces with
imaginary period matrices is a generalization of this statement.
In Section 4, we will use the 45◦ rotation on the momentum lattices to define a canonical
one-to-one correspondence between the operators of the two theories that preserves not only
the scaling dimensions, but also (1) the OPE of any two operators that are separated by
a real interval; (2) the correlator on the plane of arbitrary operators with positions on the
real axis; and (3) the action of the mixed Virasoro generators Ln + L˜n. We refer to this
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relationship between the two theories as a “real duality”. The coincidence of correlators is
directly related to the statement about Riemann surfaces with imaginary period matrices,
assuming a certain conjecture about their Schottky parameters.
In Section 5, we extend our results on the agreements and disagreements between the
boson and fermion theories to finite temperature and finite volume, including comparing
our results to those found when calculating the entanglement negativity [11, 12], and we
discuss generalizations to other pairs of theories. We then discuss various larger issues
connected to our work, returning in particular to the question we started with, whether
entanglement entropies characterize theories.
There are also three appendices. Appendix A is a derivation of a specific expression
for the partition function of the self-dual boson with radius R = 1, filling in a calculation
needed in section 3. Appendix B summarizes the irreducible representations of the dihedral
group Dn, also needed for section 3. Finally, Appendix C presents a rederivation of the
results of [7] for the Re´nyi entropies for two intervals of a boson at any radius, and extends
this result to the second Re´nyi entropy for any number of intervals.
2 Entanglement entropies and discrete gauge symmetries for 1+1 CFTs
In this section we will revisit a puzzle that arises in the computation of the entanglement
entropies for the free massless fermion and free massless boson in 1 + 1 dimensions. We
will begin in subsection 2.1, with a review of the definition of entanglement entropies in
conformal field theory. In subsection 2.2, we will review recent results for the free Dirac
fermion and the boson in 1+1 dimensions, which seem to indicate that the Re´nyi entropies
are not invariant under Bose-Fermi duality [7, 10]. To prepare for a deeper investigation
of this question, we will review the “replica trick” calculation of entanglement entropies in
subsection 2.3. In subsection 2.4 we will extend that prescription to theories with discrete
abelian gauge symmetries, which includes both bosonic orbifolds and modular-invariant
fermionic CFTs. The invariance of the Re´nyi entropies under bosonization will follow
automatically from the results of this subsection and old results about partition functions
and bosonization [13, 14]. Finally, in subsection 2.5 we will resolve the puzzle by showing
that the fermionic theory in question is not in fact dual to the free boson in question.
The results we will review in subsection 2.3 also include an equality between the
entanglement Re´nyi entropies for two theories that are not dual to each other. Section
3 of this paper will be devoted to explaining this puzzling equality.
2.1 Definition of entanglement entropies
We will consider 1 + 1-dimensional conformal field theories (CFTs) on the plane. For
thorough reviews of the entanglement entropies in these theories, we recommend [7, 10].
Let A be the union of N intervals on the real axis, A = ∪Ni=1Ai, Ai = [ui, vi] (u1 <
v1 < u2 < · · · ). We denote the complement as B = ∪Ni=0Bi, where Bi = [vi, ui+1], with
v0 = −∞, uN+1 = ∞. (See Fig. 1.) We will assume that for a local theory, we can
decompose the Hilbert space as H = HA⊗HB, where HA,B is the Hilbert space of degrees
– 4 –
of freedom localized on A,B. In practice one must regularize the theory; if we put the
theory on a lattice, then this decomposition should make sense.
u1 v1 u2 v2 u3 v3
A1 B1 A2 B2 A3 B3B0
Figure 1. A line divided up into consecutive intervals. We will be considering the density matrix
for the field theory on the intervals Ai=1,2,3 upon tracing out the local degrees of freedom in the
intervals Bi=0,1,2,3.
The density matrix for the vacuum is ρ = |0〉〈0|; the reduced density matrix on A is
ρA = trHB ρ. Its Re´nyi entropy of order n, called the “entanglement Re´nyi entropy” since
it is a measure of the amount of entanglement between HA and HB, is defined by
Sn(A) =
1
1− n ln tr ρ
n
A , (2.1)
where n is a positive real parameter not equal to 1. Typically the Re´nyi entropy is computed
for integer values of n. Knowing Sn(A) for all integer n > 1 is then enough in principle to
fix, by analytic continuation, the value for all positive real n. In particular, the value of
the analytically continued function at n = 1 is the entanglement (von Neumann) entropy
S(A) = − tr ρA ln ρA. One can also consider various interesting linear combinations, such
as the mutual Re´nyi information between two intervals: In(A1 : A2) = Sn(A1) + Sn(A2)−
Sn(A1∪A2) (or, more generally, between two disjoint sets of intervals). In any computation,
the Re´nyi and von Neumann entropies will diverge. The goal is then to extract universal,
regulator-independent quantities. For example, the divergent parts of the Re´nyi entropies
cancel for the mutual Re´nyi information
One way to compute Sn(A) is to find an explicit expression for the reduced density
matrix ρA in some basis, and from it directly compute tr ρ
n
A. To our knowledge the only
theory for which this has been accomplished is the free massless fermion [9, 10]. The more
common method, which we will review in §2.3, is the so-called replica trick, in which tr ρnA
is expressed in terms of the Euclidean partition function on an n-sheeted Riemann surface
with branch cuts along the intervals Ai.
2.2 Results for free CFTs
The classic result by Holzhey, Larsen, and Wilczek, derived using the replica trick, is that
the Re´nyi entropies for one interval are the same for all CFTs, up to an overall factor of
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the central charge [15]:1
Sn(A1) =
c
6
(
1 +
1
n
)
ln
v1 − u1

, (2.2)
where  is an ultraviolet cutoff length.
On the other hand, for more than one interval the Re´nyi entropies depend on more
than just the central charge. The only theory for which the entropies have been computed
exactly for any number of intervals is the free Dirac fermion, which was accomplished both
using the replica trick (by Casini, Fosco, and Huerta [8]) and by deriving an explicit formula
for ρA (by Casini and Huerta [9]). The result is a remarkably simple formula, in which the
n-dependence factors out entirely from the dependence on the configuration of intervals:2
S(f)n (A) =
1
6
(
1 +
1
n
)
Ξ(A) ,
Ξ(A) =
∑
i,j
ln |vj − ui| −
∑
i<j
ln(uj − ui)−
∑
i<j
ln(vj − vi)−N ln  . (2.3)
Calabrese, Cardy, and Tonni [6] computed the Re´nyi entropies for two intervals for
the compact boson at arbitrary radius R using the replica trick. Their result is quite a bit
more complicated than (2.3), but it can be conveniently written as (2.3) plus a correction
term:
SRn (A) = S
(f)
n (A) +
1
1− n lnF
R
n (x) . (2.4)
The correction term is finite (does not involve ), and depends only on the conformally
invariant cross-ratio of the four endpoints:
x =
(v1 − u1)(v2 − u2)
(u2 − u1)(v2 − v1) . (2.5)
FRn is a ratio of Riemann-Siegel theta functions
FRn (x) =
ϑ(0|ηΓ)ϑ(0|Γ/η)
ϑ(0|Γ)2 , (2.6)
where η = R2/R2sd (Rsd is the self-dual radius), Γ is an x-dependent (n−1)×(n−1) matrix
with the following entries:
Γrs =
2i
n
n∑
k=1
sin
(
pik
n
)
cos
(
2pik(r − s)
n
)
2F1(k/n, 1− k/n; 1, 1− x)
2F1(k/n, 1− k/n; 1, x) , (2.7)
1There can also be an A1-independent finite term. Such terms are related to the UV cutoff scheme
employed and cancel out of finite quantities like mutual Re´nyi informations, so we neglect them throughout
this paper.
2The function Ξ can also be expressed in a couple of other useful ways: Ξ(A) = − ln | detM |, where M
is an N × N matrix with entries Mij = /(vj − ui); and Ξ(A) = ∑i ln((vi − ui)/) +∑i<j ln(1 − xij),
where xij = (vi − ui)(vj − uj)/(uj − ui)(vj − vi). From the second form one sees that the mutual Re´nyi
information between two sets of intervals A,B takes a particularly simple form, as the integral of a bilocal
quantity: In(A : B) = −∑i∈A,j∈B ln(1− xij) = ∫A ds ∫B ds′(s− s′)−2.
– 6 –
and the Riemann-Siegel theta function (at the origin) is
ϑ(0|Γ) =
∑
m∈Zn−1
eipiΓrsm
rms . (2.8)
Although the expression for SRn (A) is complicated, three key points are clear just from
(2.6):
• FRn (x), and hence SRn (A), are invariant under T-duality. So, at least in this case, the
presentation of the theory does not affect the entanglement spectrum.
• At the self-dual radius (η = 1), FRsdn (x) = 1 identically, hence SRsdn (A) = S(f)n (A) for
any n and any A.
• At R = √2Rsd (η = 2), where the boson is dual to a theory of a Dirac fermion,
FRn (x) 6= 1 (this can easily be confirmed numerically, in case the reader is worried
about theta-function conspiracies), hence S
√
2Rsd
n (A) 6= S(f)n (A).
The discrepancy between S
√
2Rsd
n (A) and S
(f)
n (A) has been noted in the literature but
has not been satisfactorily resolved. Casini and Huerta propose that the mismatch is due
to the fact that the bosonization transformation is non-local; therefore, although the two
theories have the same Hilbert space, the way that that Hilbert space gets cut up according
to spatial regions in the two presentations might be different [10]. Calabrese and Cardy
imply that the discrepancy is related to the Lagrangian used in computing the entanglement
entropies of the fermion [7]. This is not an unreasonable thing to expect—at the level of
the path integral, bosonization is not a local transformation of the fields we integrate over.
It is therefore fair to ask whether it is a local transformation at the level of the Hilbert
space, that is, whether the factorization of the Hilbert space by spatial regions is invariant
under arbitrary duality transformations.
However, interpreting the mismatch requires some care. The correct Bose-Fermi equiv-
alence is between the boson at radius
√
2Rsd and the Dirac fermion gauged in a specific
way by the Z2 fermion number [13, 16]. For example, the fermionic theory without such
a gauging is not a modular-invariant theory, while the free boson is.3 After this gauging,
the spectra and the algebras of local operators are identical. Since this data defines a two-
dimensional CFT, we might expect that computations of the position-space entanglement
entropies should be the same whether computed in the bosonic or fermionic representation.
More precisely, the scheme used for cutting off the theory may depend on the represen-
tation of the theory, but universal quantities such as the mutual information In(A1 : A2)
should not.
In the remainder of this section we will explain this apparent mismatch.
3Note that one may add additional “topological terms” to the bosonic theory which spoil modular
invariance and lead to a theory which is precisely equivalent to a fermionic theory with fixed spin structure
[14]. This cannot be the theory of the modular-invariant bosonic at R = Rsd.
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2.3 Re´nyi entropies via the replica trick
Let us review the calculation of the density matrix ρ and the Re´nyi entropies via path
integrals in a two-dimensional conformal field theory C (again, see also [7]). φ denotes
all microscopic fields in the theory; a matrix element of ρ is ρ(φ1, φ2) = 〈φ1|0〉〈0|φ2〉,
where |φ1,2〉 are field eigenstates with eigenfunctions φ1,2(x). These inner products can be
represented via path integrals,
〈φi|0〉 = N
∫
φ(x,0)=φi(x)
Dφ exp
[
−
∫ 0
−∞
dτ
∫ ∞
−∞
dσ L(φ)
]
. (2.9)
To trace out the spatial region B, let us use φA,B to denote the function φ(x ∈ (A,B), τ).
We decompose the boundary conditions in (2.9) into those at x ∈ A and x ∈ B, so that
〈φA, φB|0〉 = N
∫
φ(x∈A,0)=φA(x)
φ(x∈B,0)=φB(x)
Dφ exp
[
−
∫ 0
−∞
dτ
∫ ∞
−∞
dσ L(φ)
]
. (2.10)
Tracing out the region B in the unorbifolded theory is now simple: for functions φ1,2 on A,
ρA(φ1, φ2) =
1
Z1
∫
DφB〈φA = φ1, φB|0〉〈0|φA = φ2, φB〉 , (2.11)
where Z1 is the partition function of the CFT on the Riemann sphere. (See figure 2A.)
The Re´nyi entropies are:
TrρnA =
1
Zn1
∫ N∏
a=1
Dφa ρA(φa, φa+1) , φN+1 = φ1. (2.12)
The integral in (2.12) can be done by “replicating” the Euclidean spacetime. The kth
integrand in the product, ρA(φa, φa+1), is the path integral on the complex plane, with
cuts on the real line at Ai, and boundary conditions φa at the ”bottom” of the cut and
φa+1 at the ”top” of the cut. In taking the product and integrating over all of the φas,
we are taking n copies of the plane and gluing them together in cyclic order by identifying
the top of the cut on sheet k = 1, . . . n− 1 with the bottom of the cut on sheet k + 1, and
glued the top of the cuts on sheet n with the bottom of the cuts on sheet 1. (See figure
2B). This is a singular Riemann surface Σn,N with genus g = (n− 1)(N − 1), described as
an n-fold branched cover of the sphere over N branch cuts. The result is that
tr ρnA =
Zn,N
Zn
(2.13)
where Zn,N is the partition function of the CFT on Σn,N .
While we used a basis of field eigenstates to construct the theory, this is not necessary
in principle. We could have used any other basis that respects the decomposition H =
HA ⊗HB.
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ıĲ
0
ࢥ1(x) ࢥ1(x)
ࢥ2(x) ࢥ2(x)
A1 A2 B2B1B0
ࢥ1
ࢥ1
ࢥ3
ࢥ3
ࢥ2
ࢥ2
ı
Ĳ
(A) (B)
Figure 2. A: The reduced density matrix ρ(φ1, φ2) computed via a path integral on the complex
plane with cuts Ai on the real line, boundary conditions φ = φ1 at the top of the cut and φ = φ2
on the bottom of the cut. B: The Riemann surface Σn,N constructed as an n-fold branched cover
of the complex plane, with branch cuts at Ai glued together as shown.
2.4 Including discrete gauge symmetries
Next, consider orbifolds of our theory C by a discrete symmetry group G. For the sake of
simplicity, let us consider the case of a bosonic orbifold C/G with the unorbifolded CFT
C described as above by scalar fields φ, and a G-action φ 7→ gφ. The G-action could be
a finite rotation or a discrete translation. We will restrict to the case that G is abelian.
Before tracing out any spatial regions, (2.10) still holds.
Breaking up φB into its values {φBi} on each interval Bi, the reduced density matrix
for the intervals Ai in the orbifold theory is:
ρA(φ1, φ2) =
1
Z1
∑
{gi}∈GN
∫
DφB1 · · · DφBN 〈φA = φ1, {giφBi}|0〉〈0|φA = φ2, {giφBi}〉 .
(2.14)
Here gi ∈ G; in taking the trace over degrees of freedom in the intervals Bi, we have
identified φ up to discrete gauge transformations, so that the trace is being taken in C/G.
Z1 is again just the path integral on the Riemann sphere, and its presence ensures that
trA ρA = 1. The result is that the reduced density matrix is the sum over path integrals
on the cut plane shown in figure 3, with each element of the sum corresponding to twists
of the field by hi = gigi−1 ∈ G as one transports the fields around the cuts Ai.
The fields on either side of all of the cuts are still untwisted as one transports them
from −∞ to ∞ along a curve parallel to the real line: they can be deformed along the
imaginary axis to ±i∞, and the system is in the vacuum which is generally an untwisted
state. Thus, if we take the sum of a left-directed contour above the cuts and a right-directed
contour below the cuts, we can deform them so that they become the sum of single contours
– 9 –
ƴ2
ƴ1ƴ1
ƴ2
h1 h2
h1h2 = 1
Figure 3. The cut plane used to calculate the density matrix for 2 intervals. The fields on each
side of the slit are independent, as in (2.14). For Re´nyi entropies of the reduced density matrix
corresponding to the CFT vacuum, the fields are untwisted for a circle which encloses all cuts Ai.
These can be deformed to the sum of the two loops shown which encircle the cuts. The bosonic
fields can be twisted about these loops, so long as the ordered product is the identity.
around each cut. Since the fields have zero twist around the initial contours, the products
of the twists around all of the cuts must be equal to the identity:
∏N
i=1 hi = 1.
Next, we wish to compute the Re´nyi entropies, by computing
tr ρnN =
∑
{gi}∈GN
∫ ∏
i
dφ(Ai)ρ(giφ(Ai), φ(Ai+1)) (2.15)
Once again we have sewed together fields φi along intervals Ai up to identification by the
gauge group G. The result is
e(1−n)Sn(A) ≡ tr ρnN =
Zn,N
Zn1
. (2.16)
The expressions (2.14),(2.15) make it clear that Zn,N is the partition function for the
orbifold CFT on Σn,N , in which we have summed over allG twists about all non-contractible
cycles (again, the cycles at infinity on each sheet are taken to be trivial). In other words, one
treats the Riemann surfaces exactly as one would Riemann surfaces for string perturbation
theory for orbifold backgrounds.
We discussed bosonic orbifolds for simplicity, but this argument will be identical for
gaugings of fermionic theories. When the fermion number itself is gauged, Zn,N will corre-
spond to the sum over all spin structures of fermion partition functions on ΣN,n.
We are now in a position to argue that the entanglement entropies are invariant under
Bose-Fermi duality. This duality is between the massless Dirac fermion gauged by Z2
fermion number and the free boson on a target space circle with radius R =
√
2Rsd. It
is known that the equivalence holds for partition functions on any Riemann surface, so
long as one correctly sums over the fermion spin structures [13, 14, 16]. Since the Re´nyi
entropies are determined by these partition functions, they are guaranteed to match.
More generally, the results of this section allow one to discuss entanglement entropies
for a large class of orbifold theories. There are two more complicated generalizations which
we leave for future work. One is the case of orbifolds with discrete torsion, in which the
different twisted partition functions on a Riemann surface are added with nontrivial phases.
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The second is the case of nonabelian orbifold groups. We suspect that the result will be
the same—one treats the Riemann surfaces in the Re´nyi entropy calculations precisely as
one would the Riemann surfaces in string perturbation theory calculations (but without
the integration over moduli).
2.5 Boundary conditions in the Dirac fermion calculations
Given the results of the prior section, a candidate explanation for the discrepancy described
in [10] is that they are working with a different gauging or with the ungauged theory. We
will argue that the latter is in fact the case, by examining both the replica calculation
[8, 10] and the direct construction of the reduced density matrix [9, 10].
We begin with the calculation of Zn,N using the replica trick [8, 10]. In applying the
replica trick to a theory containing fermionic fields, one needs to be careful about boundary
conditions for the fermions. In a theory in which fermion number is gauged, it follows from
the discussion in the previous subsection that one should sum over the partition functions
with NS and R boundary conditions around all cycles. However, in an ungauged theory,
there is a specific set of boundary conditions implied by the replica trick (just as the thermal
partition function is computed with a specific boundary condition—namely antiperiodic—
around the Euclidean time circle). We will not review the derivation here; it is given in [8]
(below equation (6); see footnote 5 of [17] for an alternate derivation), but the result is that
for even n one must include a sign-flip along the cuts that connect the first sheet to the last
one. (These boundary conditions imply that, when passing to a single-valued coordinate
system in the neighborhood of a branch cut, there is no spin field inserted at the branch
point. They also imply NS boundary conditions on all the basis cycles we will use in Section
3, shown in figure 5.) Since no sum over boundary conditions was performed, it is clear
that the calculation in [8] is done in the ungauged theory. Indeed, in the case N = n = 2,
where the replicated surface is a torus, one can directly reproduce the CFH result from the
well-known torus partition function for a fermion with NS boundary conditions on both
cycles. We will do this in subsection 3.1 below, after reviewing the transformation from
the flat torus to the singular surface Σ2,2.
Alternatively, Refs. [9, 10] compute the reduced density matrix directly in terms of the
two-point functions of Dirac fermions. It is clear that this calculation is for the ungauged
fermion. The Hilbert space is factorized into left- and right-moving excitations, which is not
possible for the Z2 gauged fermion dual to the boson; for example, the modular invariant
partition function (which we will review below) does not factorize into contributions from
left- and right-movers. In addition, the “modular Hamiltonian”, whose exponential forms
the reduced density matrix (see equation (28) of [9]), consists of products of chiral fermion
operators at different points. In the gauged theory, however, a single chiral fermion is not
in the spectrum of local operators, as it is odd under Z2. Furthermore, the entanglement
entropies calculated directly in this approach match those calculated via the replica trick.
The free Dirac fermion is a consistent quantum theory, but it is not modular invariant,
and so cannot be dual to the modular-invariant theory of the free boson at any radius.
This explains the discrepancy between the Re´nyi entropies. However, there is a curious
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equality between the Re´nyi entropies for two intervals for the free Dirac fermion and the
self-dual boson. We now turn to explaining this fact.
3 Re´nyi entropies for arbitrary intervals
The strange coincidence in the entanglement Re´nyi entropies for two intervals (N = 2)
and all n, between the free Dirac fermion and the self-dual boson, challenges the ability
of the entanglement entropies to distinguish theories. Before making any sweeping claims,
we should compare the values of Sn(A) for N > 2 in the two theories. Agreement or
disagreement of Sn(A) between the two theories amounts to agreement or disagreement of
the partition functions Zn,N on the singular Riemann surface Σn,N . We will find on quite
general grounds that the theories agree for n = 2 and any N (a new result), as well as
for N = 2 and any n [8–10], for reasons which fail when n ≥ 3 and N ≥ 3. We check by
direct numerical computation that the Re´nyi entropies differ when n = N = 3. Hence the
full set of Re´nyi entropies does distinguish between the theories. Along the way we will
discover a surprising relationship between the theories, which will explain in a simple way
why certain Re´nyi entropies agree.
To compute the partition function, we can use a Weyl transformation to map the
metric ds2 on our singular surface Σn,N to a non-singular fiducial metric dsˆ
2 = e−φds2
[6, 7, 17, 18]. In this case,
Zn,N = e
SLZˆn,N . (3.1)
Here Zˆ is the partition function of the CFT with the fiducial metric, and SL is the Liouville
action
SL =
c
96pi
∫ √
gˆ
(
gˆab∂aφ∂bφ+ 2Rˆφ
)
. (3.2)
The Liouville action depends on the CFT solely via its central charge. Since the Dirac
fermion and free boson both have c = 1, agreement of the Re´nyi entropies is equivalent
to agreement of the partition functions on the non-singular Riemann surface. For the
fermionic theory, it will also be important to keep track of boundary conditions around the
various non-contractible cycles.
In Appendix C, we apply the technology developed in this section to the compact
boson at arbitrary radius, giving a relatively simple derivation of Calabrese, Cardy, and
Tonni’s result (2.4) for its Re´nyi entropies.
3.1 Torus partition functions and momentum lattices
The Riemann surface ΣN,n has genus g = (N − 1)(n − 1). We begin with the simplest
non-trivial case, Σ2,2, which is a torus. The modular parameter τ of the torus depends on
the cross-ratio x of the endpoints of the intervals (the branch points in Σ2,2), defined in
(2.5), which lies in the range 0 < x < 1 when both cuts are on the real line. The relation
between x and τ is
τ =
iK(1− x)
K(x)
, K(x) =
pi
2
2F1
(
1
2
,
1
2
, 1;x
)
,
x =
ϑ42(τ)
ϑ43(τ)
, (3.3)
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where K(x) is the complete hyperelliptic integral and 2F1 is the usual hypergeometric
function. The expressions (3.3) are actually valid for arbitrary complex x, but for 0 < x < 1,
τ is imaginary and the torus is rectangular. In this case, the partition function on a flat
torus depends only on the spectrum of scaling dimensions ∆ of the CFT:
Zˆ2,2 = tr e
−2piτ2H = e2piτ2/12
∑
m
e−2piτ2∆m (3.4)
(where the sum is over operators Om and τ2 = Im τ). The cycle playing the role of the
spatial circle here is the one that, on Σ2,2, encircles one of the cuts while staying on one
sheet, while the one playing the role of the time circle encircles the two middle branch
points, passing from one sheet to the other. Based on the boundary conditions explained
in subsection 2.5, both cycles have periodic boundary conditions for the fermions on Σ2,2,
which corresponds to antiperiodic (NS) boundary conditions on the flat torus. Hence the
trace is over NS-NS sector states and does not include a factor of (−1)F .
From the agreement of S2(A) for general x between the fermion and the self-dual boson,
it follows that the two theories have the same partition function on any rectangular torus,
and hence that they have identical spectra of scaling dimensions. In this subsection we will
explain this agreement; in the rest of this section we will then use what we’ve learned to
explain the agreement for other values of n (with N = 2), and find out to what extent it
generalizes to other values of (n,N).
Let us first recall the structure of the operators in the two theories. The Dirac fermion
consists of separate left- and right-moving Weyl fermions ψL,R, which have conformal
weights h = 1/2 and h˜ = 1/2 respectively. The general operator is a product of dis-
tinct operators of the form ∂nψL, ∂
nψ¯L, ∂¯
nψR, ∂¯
nψ¯R, where n = 0, 1, . . .. The theory has
conserved left- and right-moving fermion number currents.
The compact boson can be split into left- and right-moving bosons XL,R. The ex-
ponential operators, which create winding and momentum ground states, are of the form
eikLXL+ikRXR .4 The left- and right-moving momenta kL,R are not independent, but are
elements of a joint lattice Γ(b), which at the self-dual radius is as follows:
Γ(b) =
{
(kL, kR) : kL ± kR ∈
√
2Z
}
. (3.5)
The exponential operator has conformal weights h = k2L/2, h˜ = k
2
R/2. The total momentum
and the winding number are given in terms of kL,R by n,w = (kL ± kR)/
√
2. The general
operator is a product of an exponential and derivative operators ∂nXL, ∂¯
nXR, n = 1, 2, . . ..
(The self-dual boson actually has a larger, SU(2) × SU(2) symmetry group, but we will
have occasion only to use its momentum and winding U(1)× U(1) subgroup.)
For low-lying operators, it is straightforward to see by inspection that the spectra of
the two theories are the same. For example, both theories have 4 dimension-1/2 operators
(fermion: ψL,R, ψ¯L,R; boson: the (n,w) = (±1, 0), (0,±1) exponential operators) and 6
dimension-1 operators (fermion: ψLψR, ψ¯Lψ¯R, ψL,Rψ¯L,R; boson: the (n,w) = (±1,±1)
4There are also cocycles, which we neglect here since they do not contribute to the scaling dimensions
which are our main interest. In Section 4, where we will study correlators, we will include them.
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exponentials and ∂XL, ∂¯XR). Furthermore, it is possible to match not only the scaling
dimensions but also the two theories’ respective U(1) × U(1) charges, i.e. to establish a
one-to-one correspondence such that the left- and right-moving fermion numbers match
n and w respectively. On the other hand, the spins definitely cannot be made to match,
given that one theory contains fermions and the other doesn’t.
It is not necessarily clear from these low-lying examples, however, what the general
pattern is. The mystery is readily solved by bosonizing the fermion.5 In its bosonized form,
the Dirac fermion consists of left- and right-moving bosons HL,R, related to the elementary
fermionic fields by
ψL = e
iHL , ψR = e
iHR . (3.6)
Just as for the self-dual boson, the general operator is written as a product of an exponential
operator eikLHL+kRHR and derivative operators ∂nHL, ∂¯
nHR. But in this case the momenta
kL,R, which are the left- and right-moving fermion numbers, are independent integers; in
other words, the momentum lattice is simply
Γ(f) = Z2 . (3.7)
(Note that we use the superscript (f) to refer to the Dirac fermion theory even when
we are working with its bosonized form.) The two lattices are shown in figure 4, and it
is immediately seen that they are related by a 45◦ rotation. This rotation matches the
U(1)× U(1) charges of the respective theories to each other:6
(
k
(f)
L , k
(f)
R
)
=
(
k
(b)
L + k
(b)
R√
2
,
k
(b)
L − k(b)R√
2
)
= (n,w) . (3.8)
It also preserves the lengths of vectors defined with respect to the Euclidean inner product
k · k′ = kLk′L + kRk′R , (3.9)
and therefore the scaling dimensions ∆ = k · k/2 of exponential operators; however it does
not preserve the Lorentzian inner product
k ◦ k′ = kLk′L − kRk′R (3.10)
which gives their spins s = k ◦ k/2.7 In addition to having momentum lattices that
are related by a rotation, the two theories have isomorphic sets of derivative operators:
5By ”bosonizing” we mean representing the chiral fermion operators as exponentials of chiral boson
operators. The chiral bosons are defined via their OPEs. This is distinct from the bosonization of the
modular-invariant fermion theory.
6We could just as well make other choices, like (k
(f)
L , k
(f)
R ) = (n,−w) or (w, n), but these are all related
by automorphisms of the two theories, and therefore equivalent.
7The Lorentzian inner product is perhaps more familiar in the context of momentum lattices. It is
with respect to this inner product that, in string theory (for example in a Narain compactification), one
requires the lattices to be integral (for mutual locality of operators), self-dual (for modular invariance under
τ → −1/τ), and even (for modular invariance under τ → τ+1). Γ(f) and Γ(b) are both integral and self-dual,
but only Γ(b) is even.
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∂nXL, ∂¯
nXR for the bosonic theory and ∂
nHL, ∂¯
nHR for the fermionic theory all contribute
n to the scaling dimension and 0 to the U(1)×U(1) charge of an operator. Together these
two facts explain the matching of the spectra of scaling dimensions as well as U(1)×U(1)
charges.
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Figure 4. The momentum lattices for the ungauged Dirac fermion (left) and for the self-dual boson
(right). We have bolded the canonical generating vectors for both lattices. Notice that they are
related by a 45◦ rotation.
Let us return to the torus partition function, which can be written in terms of a sum
over the momentum lattice; this will be a useful warm-up for the higher-genus partition
functions we will consider in the rest of this section. We will not assume that τ is imaginary.
For the fermion we have
Zˆ
(f)
2,2(τ, τ¯) =
1
|η(τ)|2
∑
k∈Γ(f)
exp (ipiτ1k ◦ k − piτ2k · k) . (3.11)
The factor of |η(τ)|−2 accounts for the sum over all the possible derivative operators that
can multiply a given exponential (i.e. the oscillators, in terms of states). For the boson we
have almost the same formula:
Zˆ
(b)
2,2 (τ, τ¯) =
1
|η(τ)|2
∑
k∈Γ(b)
exp (ipiτ1k ◦ k − piτ2k · k) . (3.12)
Again, since Γ(f) and Γ(b) are related by a transformation that preserves the Euclidean
inner product (3.9), the two partition functions will agree precisely when τ1 = 0. In fact,
this will work for any two lattices that are related by such an orthogonal transformation.
However, if one restricts to integral self-dual lattices in two dimensions, then Γ(f) and Γ(b)
are the only examples related in this way.
From (3.11) we can easily recover the CFH result (2.3) for N = n = 2, as promised in
subsection 2.5. Taking τ imaginary, and using (3.3), we have
Zˆ
(f)
2,2(τ) =
ϑ3(τ)
2
η(τ)2
=
(
24
x(1− x)
)1/6
. (3.13)
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The Liouville action (3.2) for the Weyl transformation from the flat torus to the singular
surface Σ2,2 (which has conical singularities at the four branch points) was computed by
Lunin and Mathur [18]:
eSL =
(
(v1 − u1)(v2 − u2)
2
)−1/4( x2
28(1− x)
)1/12
. (3.14)
We obtain
Z2,2 = e
SLZˆ2,2 =
(
(v1 − u1)(v2 − u2)(1− x)
2
)−1/4
(3.15)
yielding (2.3).8
In order to go to n > 2 and/or N > 2, we need to consider the partition functions
of the theories on higher-genus Riemann surfaces, which we will do in subsection 3.3. To
have the necessary language, however, we first need to review some algebraic geometry.
3.2 Some algebraic geometry background
In order to set up the computation of the partition functions ZˆN,n, in this subsection
we will describe the particular Riemann surfaces we are studying, and review some basic
facts about Riemann surfaces that we will need. More complete reviews of the relevant
mathematics can be found in [13, 14, 19].
The singular Riemann surfaces were described in subsection 2.4, and are illustrated in
Fig. 5 for n = N = 3. The Riemann surface can be represented by the algebraic curve
[20, 21] (see also Appendix C of [6]):
yn =
N−1∏
k=1
(z − uk)(z − vk)n−1(z − uN ) (3.16)
where uk, vk all lie on the real line, and the conformal invariance has been used to send
vN to ∞. The kth branch cut lies between branch points at uk, vk ∈ R with uk < vk. The
residual conformal invariance can be used to fix the location of two more of those points.
For instance, one can set the first interval to lie between u1 = 0 and v1 = 1.
The Riemann-Hurwitz formula gives the genus of this Riemann surface as g = (N −
1)(n − 1). On any Riemann surface, one can write down a canonical basis of “A-cycles”
ai=1...g and “B-cycles” bi=1,...g with intersection pairing ai · bj = δij = −bj · ai. For the
curve (3.16), the canonical basis we will use is as follows: labeling the cycles by sheet
s = 1, . . . , n− 1 and cut k = 1, . . . , N − 1, cycle ak+(s−1)(N−1) encircles the first k cycles on
sheet s in a counterclockwise direction; cycle bk+(s−1)(N−1) passes from vk to uk+1 on sheet
s, and returns on sheet N [20, 21]. This basis is shown in figure 5 for the case n = N = 3.
Based on the boundary conditions for the Dirac fermion explained in subsection 2.5, all of
these basis cycles carry NS boundary conditions, which we can see as follows. First, each
one crosses an even number of sign flips, and hence carries periodic boundary conditions
8We can also calculate the result for the modular-invariant gauged Dirac theory. Using the fact that, in
that case, Zˆ =
ϑ23+ϑ
2
2+ϑ
2
4
2η2
, we find F2(x) = 1+
√
x+
√
1−x
2
, which agrees with (2.4) for n = 2, η = 2, using the
resummation identity ϑ22(τ) + ϑ
2
3(τ) + ϑ
2
4(τ) = 2ϑ3(2τ)ϑ3(τ/2).
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3rd sheet
2nd sheet
1st sheet
...
A-cycles
...
B-cycles
Figure 5. The Riemann surface Σ3,3 with a canonical basis of A- and B-cycles. The solid black lines
are the branch cuts, oriented so that approaching from below takes one up a sheet and approaching
from below takes one down a sheet. The blue dashed lines are A-cycles and the green solid lines
are B-cycles, with notches corresponding to the index (eg a3, a4 lie on the second sheet). We have
pulled the B-cycles off of the branch points for clarity.
on this singular surface. Second, each one has odd winding number. Hence, under a Weyl
transformation that takes the surface to a non-singular one, the fermion will be antiperiodic
along the geodesic representative of each cycle.
There is a canonical basis of holomorphic differentials ζi such that∮
ai
ζj = δij ;
∮
bi
ζj = Ωij (3.17)
Ωij is known as the period matrix; it is symmetric, and the imaginary part of Ωij is a
positive definite quadratic form.
A natural but noncanonical basis of holomorphic differentials is [20, 21]:
ωj+(N−1)s =
zj−1
∏N−1
i=1 (z − vi)s
ys+1
dz, j = 1, . . . , N − 1, s = 1, . . . , n− 1, (3.18)
where y is given in (3.16). The period integrals are:
Aij =
∮
ai
ωj , Bij =
∮
bi
ωj , Ω = A
−1B. (3.19)
The canonical basis is then ζj =
∑
k ωkA
−1
kj . As a warmup, one can use the basis (3.18) to
reproduce (3.3) for genus one, where Ω11 = τ .
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3.3 Partition functions at higher genus
The partition function of the self-dual boson can be computed following [13, 14, 22]:
Zˆ(b) = pi
√
2Vol(Σ)Im det Ω
det′∇2
∑
~∈Zg2
∣∣∣∣∣ϑ
[
~
0
]
(0|2Ω)
∣∣∣∣∣
2
. (3.20)
Here Vol(Σ) is the volume of the surface; ~ ∈ Zg2 means i ∈ {0, 1/2}; det′∇2 is a suitably
regularized determinant of the Laplacian; the factor of
√
2pi comes from the path integral
over the zero mode of the boson; and ϑ is the Riemann-Siegel theta function:
ϑ
[
~1
~2
]
(~z|Ω) =
∑
~n∈Zg
exp
[
ipi(n+ 1)
iΩij(n+ 1)
j + 2pii(n+ 1)
k(z + 2)
k
]
. (3.21)
The Dirac fermion with antiperiodic (NS) boundary conditions about all basis cycles
can also be computed following [13, 14]. Those works do the calculation in the R = 1/2
presentation of the dual boson, which can be written as a sum over spin structures of the
fermion partition function. One can extract from this the partition function in the purely
NS sector:
Zˆ(f) = pi
√
2gVol(Σ)Im det Ω
det′∇2
∣∣∣∣∣ϑ
[
0
0
]
(0|Ω)
∣∣∣∣∣
2
(3.22)
(which, again, includes the integral over the zero mode of the dual boson, equal to pi).
To compare these partition functions, we first write Ω = A+ iK,, with A,K symmetric
and real and K positive-definite. Using the results in Appendix A, we can rewrite (3.20) as
a sum over g copies of the momentum lattice Γ(b) for the self-dual boson, kL ± kR ∈
√
2Z:
Zˆ(b) = pi
√
2Vol(Σ)Im det Ω
det′∇2
∑
~k∈(Γ(b))g
exp
(
piiAijk
i ◦ kj − piKijki · kj
)
. (3.23)
Similarly, the expression (3.22) can be written directly as a sum over g copies of the
momentum lattice Γ(f) = Z2,
Zˆ(f) = pi
√
2gVol(Σ)Im det Ω
det′∇2
∑
~k∈(Γ(f))g
exp
(
piiAijk
i ◦ kj − piKijki · kj
)
. (3.24)
Since Γ(b) is related to Γ(f) by an orthogonal rotation, (3.23) and (3.24) will agree (up to a
factor of 2(g−1)/2) when Aij = 0—that is, when the period matrix is imaginary. The factor
of 2(g−1)/2 can be absorbed in a constant shift of the dilaton coupling
δSdilaton =
1
4pi
∫
d2z
√
gR(2)Φ0 = (2− 2g)Φ0 (3.25)
where R(2) is the worldsheet curvature. Furthermore, with the result as stated, this factor
will only contribute to the non-universal part of the Re´nyi entropy as a constant term, and
will cancel out of the mutual Re´nyi information entirely.
The equality of the two partition functions for Re Ω = 0 is the central result of this
subsection. We will now return to the Riemann surfaces Σn,N involved in the calculation
of Re´nyi entropies, and ask whether Ω is in fact imaginary for them.
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3.4 Symmetry constraints on the Re´nyi entropies
For the Riemann surfaces Σn,N , we will show that the real part of the period matrix
vanishes identically when N = 2, and also when n = 2, but not otherwise. Thus all of the
Re´nyi entropies for two intervals will agree between the free Dirac fermion and the self-dual
boson, consistent with the results in [10]. In addition, the second Re´nyi for any number
of intervals will also agree; in other words, the CFH result (2.3) for the Dirac fermion also
applies to the self-dual boson for n = 2, which we believe is a new result.
These facts arise because of the symmetries of the underlying Riemann surface. The
Riemann surface Σn,N is a cyclic branched cover with all of the branch points on the real
line. Thus cyclic permutations of the sheets of the branched cover, as well as with complex
conjugation, are symmetries of the surface. Together these symmetries form the dihedral
group Dn. The period matrix transforms in a specific reducible representation RΩ of Dn.
9
These symmetries map A-cycles to A-cycles and B-cycles to B-cycles. Thus, they
preserve the canonical structure of the period matrix. The upshot is that the period
matrix should satisfy the conditions
gTΩg = Ω, τΩτ = −Ω∗. (3.26)
where g is the (N − 1)(n− 1)-dimensional representation of the cyclic permutations acting
on the b-cycles, and τ is the representation of the complex conjugation operators. This
implies that:
gTKg = K, τKτ = K, gTAg = A, τAτ = −A. (3.27)
In other words, every nonzero component of A should lie in the one-dimensional irreducible
representation of Dn with g acting trivially and τ = −1; every nonzero component of K
should lie in the trivial representation of Dn. Our goal is to deduce the number of times
these irreducible representations appear in RΩ.
To begin with we wish to deduce the representation Rb of Dn on the B-cycles, decom-
posed into irreducible representations of Dn, which we review in Appendix B. Consider
first the case of 2 cuts. The generator g of the cyclic group Zn simply permutes the sheets
of the branch cover. This, it acts on the B-cycles bs=1,...,n−1 as
g =

−1 −1 . . . −1 −1
1 0 . . . 0 0
0 1 . . . 0 0
. . . . . . . . . . . . . . .
0 0 . . . 1 0
 (3.28)
The complex conjugation τ takes the complex conjugate of the first sheet; for n even, it
also acts as complex conjugation on the
(
n
2 + 1
)
st sheet. Acting on the additional sheets,
9General treatments of real algebraic curves can be found in [23, 24]. These use a different canonical
homology basis than the one discussed here, related by a symplectic modular transformation. Since the free
Dirac fermion theory is not invariant under modular transformations, the partition function in that basis
will not directly give the related Re´nyi entropy.
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it exchanges the kth sheet with the complex conjugate of the (n− k + 2)nd sheet. We can
thus write the action on the B-cycles as:
τ =

1 0 0 . . . 0 0
−1 −1 −1 . . . −1 −1
0 0 0 . . . 0 1
0 0 0 . . . 1 0
. . . . . . . . . . . . . . . . . .
0 0 1 . . . 0 0

(3.29)
The eigenvectors of g with eigenvalue λ have the form
vλ =

λn−2
λn−3
. . .
λ
1
 (3.30)
such that
n∑
k=1
λk = 0 (3.31)
For n odd, the solutions are λk = e
2piik/n. Based on the representations listed in Appendix
B, we deduce:
RΩ = R1 ⊕R2 ⊕ . . .⊕Rn−1
2
(n odd). (3.32)
For n even, the solutions are λk = e
2piik/n. These include n−22 pairs of roots of unity and
λn/2 = −1. For λ = −1, the corresponding eigenvector of g, vλ−1 , is an eigenvector of τ
with eigenvalue 1. Thus, in this case
RΩ = S⊕R1 ⊕R2 ⊕ . . .⊕Rn−2
2
(n even). (3.33)
In the case of tr ρn for two cuts, the period matrix transforms as the symmetrized
product (RΩ ⊗ RΩ)sym. To work this out, we need to decompose products of irreducible
representations of Dn. This can be simply worked out from the specific matrix forms of
g, τ given in Appendix B:
Rj ⊗Rk = Rj+k ⊕Rj−k n 6= m
Rj ⊗Rj = R2j ⊕ 1⊕T
Rj ⊗ S = Rn−2k
2
S⊗ S = 1 (3.34)
The first two hold for n even or odd. The representation T only occurs in the second line.
However, it corresponds to the antisymmetrized tensor product of Rj with itself, and does
not appear in (RΩ⊗RΩ)sym. Therefore, the real component of the period matrix is zero in
the two-cut case. The Re´nyi entropies of the free Dirac fermion for two disjoint intervals
are then identical to those for the self-dual boson, consistent with the results of [10].
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Next, let us consider the case of 3 or more cuts. As discussed in subsection 3.2 and
Fig. 5, the basis of B-cycles can be indexed as bk+(s−1)(N−1). In this case Dn acts as the
representation RΩ on the indices s, and the full representation is ⊕N−1k=1 RΩ. The period
matrix can be written in (n− 1)× (n− 1) blocks. The N − 1 diagonal blocks are each in
the representation (RΩ ⊗ RΩ)sym, and so have no real parts. The symmetry of Ω equates
the (N − 1)(N − 2)/2 off-diagonal blocks below the diagonal to those above the diagonal.
Each of these blocks transforms in the unsymmetrized representation RΩ ⊗RΩ. There are
(n−2)/2 occurrences of the irrep T in each off-diagonal block when n is even, and (n−1)/2
occurrences in each off-diagonal block when n is odd. Thus, the expected number of real
components of the period matrix is:
(N − 1)(N − 2)(n− 1)
4
components for n odd
(N − 1)(N − 2)(n− 2)
4
components for n even (3.35)
The second line implies a new result: for the second Re´nyi entropy S2(A), the CFH result
for the fermion (2.3) [8–10] applies also to the self-dual boson.10
Outside of the two families N = 2, any n and n = 2, any N , symmetry constraints
do not prevent a real part of the period matrix. We have computed the period matrix
and partition functions for the case N = 3, n = 3 using Mathematica, both by using the
built-in function SiegelTheta and by explicitly computing the theta functions, truncating
the infinite sum (3.21) at ni = 5. The two methods agreed with each other to six decimal
places. For a variety of locations of the branch cuts of the Riemann surface, we found
a single real component, as predicted in (3.35), which varied with the locations of the
branch points, and we found that the partition functions of the free Dirac fermion and
self-dual boson differed at the percent level. As a check, if we set the real component of the
period matrix to zero and inserted this into the partition functions (3.20,3.22), we found
that they agreed to six decimal places. We conclude that, in the end, the entanglement
spectrum does discriminate between different theories. A natural question to ask now is,
what structures in the CFT are being singled out by the n,N ≥ 3 Re´nyi entropies? We
will give a conjecture at the end of the next section.
4 A real duality
We saw in the last section that the free Dirac fermion theory and the self-dual compact
boson have identical spectra of scaling dimensions. We also saw that this coincidence
can most easily be understood by bosonizing the fermion to obtain left- and right-moving
bosons with a momentum lattice, Z2, that is related to that of the self-dual boson by a 45◦
rotation (
k
(f)
L , k
(f)
R
)
=
(
k
(b)
L + k
(b)
R√
2
,
k
(b)
L − k(b)R√
2
)
= (n,w) , (4.1)
10A very similar calculation gives us the number of imaginary components of the period matrix. These
must lie in the trivial representation 1 of Dn. This gives N(N − 1)(n − 1)/2 imaginary components for n
odd, and N(N − 1)n/4 components for n even.
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which preserves the scaling dimension ∆ = (k2L + k
2
R)/2, but not the spin s = (k
2
L− k2R)/2.
Unlike a true duality (such as T-duality), which acts separately on the left- and right-
movers of a CFT, the 45◦ rotation we are discussing mixes left- and right-movers. Nonethe-
less, it does give identical results for the partition functions on whole families of Riemann
surfaces. Friedan and Shenker [25] have suggested that the partition function, understood
as a section of a line bundle over the moduli space of Riemann surfaces, for all genera,
should define the conformal field theory (via its factorization limits). In this spirit, it is
worth asking whether the 45◦ rotation (4.1) might preserve some of the structure of the two
CFTs, such as correlators and OPEs. The purpose of this section is to show that a large
amount of the structure—in fact, all correlators and OPEs on the real line—is preserved.
Consider for example the two-point function of elementary fermionic fields ψL, ψ¯L =
e±iHL : 〈
ψL(z1)ψ¯L(z2)
〉
=
1
z1 − z2 . (4.2)
These operators are mapped by (4.1) to the operators of the self-dual boson with momenta
±1 and no winding; these are spinless operators, whose two-point function is〈
ei(XL(z1)+XR(z¯1))/
√
2e−i(XL(z2)+XR(z¯2))/
√
2
〉
=
1
|z1 − z2| . (4.3)
While the correlators do not match for general positions, we see that they do match when-
ever z1 − z2 is real and positive. Of course, two-point functions of primary operators are
dictated by their scaling dimensions, so the nontrivial question is whether the agreement
extends to non-primaries and to higher-point functions. In fact, as we will show, it does.
The only restriction is that they must be placed on the real axis (or any common horizon-
tal line) in the same order that they are written in the expectation value; that is, for the
correlator 〈O1(z1)O2(z2) · · ·〉 we require the zi to be real and z1 > z2 > · · · . We will prove
this correspondence, which we call a “real duality”, in subsection 4.1. We will begin with
the exponential operators, which are related by (4.1), then explain how to generalize the
correspondence to other operators in such a way that OPEs on the real line are preserved;
this immediately implies that all n-point functions on the real line are preserved.
In subsection 4.2, we will show that the component Txx = T + T˜ of the stress ten-
sor is preserved by this correspondence. Using the OPE, this implies that action of the
mixed Virasoro generators Ln + L˜n are preserved, generalizing the matching of scaling
dimensions. From this we learn what kinds of conformal transformations commute with
the correspondence.
Finally, in subsection 4.3 we will use the Schottky construction, which describes an
arbitrary Riemann surface as a quotient of the Riemann sphere by a discrete subgroup of
SL(2,C), to explain how the real duality is related to the equality of partition functions
between the two theories on Riemann surfaces with imaginary period matrices.
Throughout this section we will refer to the ungauged Dirac fermion theory as the
“fermion theory” (although we will mainly work in its bosonized form), and the theory of
the self-dual boson as the “boson theory”. We think our meaning will be clear.
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4.1 Correlators
In this subsection we will define a one-to-one correspondence between the operators of
the fermion and the boson theories, and show that under this correspondence arbitrary
correlators in the two theories agree, as long as the operators are placed on the real axis
(in the same order that they are written in the expectation value). To prove this, we will
show that the OPEs on the real axis agree; the statement about correlators follows since
an arbitrary n-point function can be reduced to 1-point functions by repeated application
of the OPE. Since the OPE proof is a bit formal, it is perhaps useful to see the real duality
in action first. So we begin in 4.1.1 by proving it by explicit calculation for exponential
operators. Then in 4.1.2 we explain how to generalize the one-to-one correspondence from
exponential operators to general operators. Finally, we give the OPE proof in 4.1.3.
4.1.1 Exponential operators
In both the fermion and the boson theories, the exponential vertex operators include a co-
cycle, which is necessary because the pure exponential operators have the wrong statistics.
For example, in the fermionic theory eiHL and eiHR commute even though they represent
fermionic operators, and in the bosonic theory ei(XL(z1)+XR(z¯1))/
√
2 and ei(XL(z2)−XR(z¯2))/
√
2
anticommute even though they represent bosonic operators. In the fermion theory, the
complete vertex operators are11
V(f)k = (−1)kRpLeikLHL+ikRHR , (4.4)
where pL is the left-moving momentum operator (the operator whose eigenvalue is kL),
while in the boson theory they are
V(b)k = (−1)(kL−kR)(pL+pR)/2eikLXL+ikRXR . (4.5)
We will now compute the correlators of these vertex operators, and prove the agreement
claimed above. In the fermion theory we have
〈
V(f)
k1
(z1, z¯1)V(f)k2 (z2, z¯2) · · ·
〉
=
{∏
i<j(−1)k
i
Lk
j
R(zi − zj)kiLk
j
L(z¯i − z¯j)kiRk
j
R ,
∑
i k
i = 0
0 , otherwise
.
(4.6)
The sign factors (−1)kiLkjR come from moving the cocyles past the exponentials to the left
until they hit the vacuum. The rest comes from the expectation value of the exponentials.
11With respect to the circle product k◦k′ = kLk′L−kRk′R, the lattice Z2 for the fermion theory is integral
and self-dual but not even (i.e. the theory contains fermionic operators). The standard cocyle prescription,
described in textbooks, applies only to even lattices, and as far as we know there is no simple general
expression for the cocycles for non-even lattices (see [26] for a discussion of this point). That this particular
theory admits a simple expression for the cocycle is presumably due to the fact that its lattice, while not
even, is simply related to an even one.
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In the boson theory the result is similar:〈
V(b)
k1
(z1, z¯1)V(b)k2 (z2, z¯2) · · ·
〉
=
{∏
i<j(−1)(k
i
L+k
i
R)(k
j
L−kjR)/2(zi − zj)kiLk
j
L(z¯i − z¯j)kiRk
j
R ,
∑
i k
i = 0
0 , otherwise
. (4.7)
The momentum conservation conditions are linear, and therefore preserved by the rotation
(4.1). The sign from the cocycles is clearly preserved by (4.1). Finally, when the zi − zj
are all real and positive, the rest of the multiplicands collapse to (zi − zj)ki·kj , and the
exponents are again equal under the rotation. So indeed (4.6) and (4.7) are equal under
(4.1).
4.1.2 General operators
We now wish to extend the correspondence from exponential operators to general operators,
which are products of the operators Vk and derivative operators ∂nHL, ∂¯nHR (for the
fermion) or ∂nXL, ∂¯
nXR (for the boson). Operators that include derivatives are degenerate
for fixed values of the momenta and scaling dimension, so we cannot be guided by matching
those quantum numbers alone. Our guiding principle for dealing with such operators will
be the following. Since the correlators of exponential operators match only when they are
placed on the real axis (or any other common horizontal line, but for simplicity we will
take the real axis), we will work entirely on the real axis. Now, by the equations of motion
for the fields, the holomorphic and antiholomorphic derivatives ∂, ∂¯ can be replaced by the
x-derivative ∂x = ∂ + ∂¯:
∂nHL = ∂
n
xHL , ∂¯
nHR = ∂
n
xHR , (4.8)
and similarly for XL, XR. Having written all derivatives in terms of ∂x, we simply apply
the same rotation in field space that yielded the map between the exponential operators,
namely
HL ↔ 1√
2
(XL +XR) , HR ↔ 1√
2
(XL −XR) . (4.9)
Thus for example we have
∂nHL = ∂
n
xHL ↔
1√
2
∂nx (XL +XR) =
1√
2
(∂nXL + ∂¯
nXR) ,
∂¯nHR = ∂
n
xHR ↔
1√
2
∂nx (XL −XR) =
1√
2
(∂nXL − ∂¯nXR) . (4.10)
It is useful to note that the rotation (4.1) on the momentum lattice, together with the
rotation (4.10) on the derivative operators, clearly preserves the Zamolodchikov metric on
the space of operators. Since, by definition, the Zamolodchikov metric is the correlator
Gmn = 〈A′m(∞)An(0)〉 (where A′m is the operator Am in the z′ = 1/z frame), this implies
that n-point functions where one of the operators is at infinity are also preserved by the real
duality. We will also make use of the matching of the Zamolodchikov metric in subsection
4.3.
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4.1.3 OPEs
We will now show that the OPE of arbitrary operators at real positions z1, z2, with z1 > z2,
is preserved, i.e. if F (f) ↔ F (b),G(f) ↔ G(b) then
F (f)(z1, z¯1)G(f)(z2, z¯2)↔ F (b)(z1, z¯1)G(b)(z2, z¯2) . (4.11)
As mentioned above, the agreement of arbitrary correlators on the real axis follows from
the agreement of OPEs.
All of these composite operators are defined via normal-ordering; it will be useful to
indicate this explicitly. Recall that in a free theory the OPE of operators : F(z1, z¯1) :,
: G(z2, z¯2) : is derived by adding to : F(z1, z¯1)G(z2, z¯2) : all possible cross-contractions
between F and G, and then Taylor-expanding with respect to z1−z2 and z¯1− z¯2 inside the
normal-ordered product. We will first show that the cross-contractions match, then that
the Taylor expansions match, when z1 − z2 is real and positive
In the fermion theory, a cross-contraction consists of replacing an HL in F and an HL
in G with the propagator − ln(z1− z2), or a pair of HRs with − ln(z¯1− z¯2); similarly in the
boson theory with XL and XR. Let us first see how this works for derivative operators,
then we will give the general proof. For example, the OPE of the left-moving fermion
number current ∂HL with itself is
: ∂HL(z1) :: ∂HL(z2) : = : ∂HL(z1)∂HL(z2) :− ∂1∂2 ln(z1 − z2)
= : ∂HL(z1)∂HL(z2) :− 1
(z1 − z2)2 . (4.12)
The corresponding operator in the boson theory is the momentum current (∂XL+∂¯XR)/
√
2.
Multiplying it by itself, we have four terms; two of them have mixed holomorphic and anti-
holomorphic parts and therefore no cross-contractions, while the other two are of the same
form as (4.12):
1
2
: ∂XL(z1) + ∂¯XR(z¯1) :: ∂XL(z2) + ∂¯XR(z¯2) :
=
1
2
:
(
∂XL(z1) + ∂¯XR(z¯1)
) (
∂XL(z2) + ∂¯XR(z¯2)
)
:− 1
2(z1 − z2)2 −
1
2(z¯1 − z¯2)2 . (4.13)
Comparing the right-hand sides of (4.12) and (4.13), clearly the operator parts match under
(4.10), while their c-number parts are equal whenever the zi are real. More generally, a
contraction of ∂n1HL(z1) with ∂
n2HL(z2) gives
− ∂n11 ∂n22 ln(z1 − z2) =
(−1)n1(n1 + n2 − 1)!
(z1 − z2)n1+n2 , (4.14)
while the contraction of the corresponding operators in the boson theory gives
− 1
2
∂n11 ∂
n2
2 ln(z1−z2)−
1
2
∂¯n11 ∂¯
n2
2 ln(z¯1−z¯2) =
(−1)n1(n1 + n2 − 1)!
2(z1 − z2)n1+n2 +
(−1)n1(n1 + n2 − 1)!
2(z¯1 − z¯2)n1+n2 .
(4.15)
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Again, these are equal when the zi are real. Clearly the same thing will hold for the
contraction of ∂¯n1HR(z¯1) with ∂¯
n2HR(z¯2).
For the proof that the OPEs of general operators match, we now apply the general
formula for the cross-contractions in a free field theory (see for example equation (2.2.10)
in [27]). In the fermion theory this is
: F(z1, z¯1) :: G(z2, z¯2) :
= exp
[
−
∫
d2z1d
2z2
(
ln(z1 − z2) δ
δHL(z1)
δ
δHL(z2)
+ ln(z¯1 − z¯2) δ
δHR(z¯1)
δ
δHR(z¯2)
)]
× : F(z1, z¯1)G(z2, z¯2) : , (4.16)
Since the operators involved are contained entirely on the real axis (including all derivatives,
when written using ∂x), we can replace the integrals and functional derivatives with respect
to z, z¯ with ones with respect to x:
: F(x1) :: G(x2) : =
exp
[
−
∫
dx1dx2 ln(x1 − x2)
(
δ
δHL(x1)
δ
δHL(x2)
+
δ
δHR(x1)
δ
δHR(x2)
)]
: F(x1)G(x2) : .
(4.17)
Similarly, in the boson theory we have
: F(x1) :: G(x2) : =
exp
[
−
∫
dx1dx2 ln(x1 − x2)
(
δ
δXL(x1)
δ
δXL(x2)
+
δ
δXR(x1)
δ
δXR(x2)
)]
: F(x1)G(x2) : .
(4.18)
These clearly map to each other under (4.9). Note that we also need x1 > x2, otherwise the
branch cut in the logarithm can lead to a mismatch (as between (4.2) and (4.3)). Finally,
we note that moving the cocycle for G through F gives a factor of (−1)kFL kGR in the fermion
theory and of (−1)nFwG in the boson theory, but these are equal under the correspondence.
Finally, continuing to work on the real axis and to express derivatives using ∂x, it
is clear that Taylor-expanding the normal-ordered operators obtained from the cross-
contractions with respect to x1 − x2 will commute with the map (4.9). Hence the cor-
respondence we have described preserves the full OPEs of arbitrary operators on the real
axis.
4.2 Stress tensor and real conformal transformations
The components of the stress tensor in the two theories are
T (f) = −1
2
∂HL∂HL , T˜
(f) = −1
2
∂¯HR∂¯HR (4.19)
and
T (b) = −1
2
∂XL∂XL , T˜
(b) = −1
2
∂¯XR∂¯XR , (4.20)
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respectively. While these components do not individually map to each under the corre-
spondence (4.10), their sum (which is the component Txx) does:
T (f) + T˜ (f) ↔ T (b) + T˜ (b) . (4.21)
The OPEs of T, T˜ with other operators determine the action of the Virasoro generators:
T (z)A(0) =
∑
n
z−(n+2)Ln · A(0) , T˜ (z¯)A(0) =
∑
n
z¯−(n+2)L˜n · A(0) , (4.22)
where Ln · A denotes the result of Ln acting on the operator A via the state-operator
mapping (i.e. if the state-operator mapping maps |A〉 to A, then it maps Ln|A〉 to Ln ·A).
Since the OPEs between operators on the real axis are preserved by the correspondence,
for corresponding operators A(f),A(b), we have∑
n
x−(n+2)
(
L(f)n + L˜
(f)
n
)
· A(f)(0) =
(
T (f)(x) + T˜ (f)(x)
)
A(f)(0)
↔
(
T (b)(x) + T˜ (b)(x)
)
A(b)(0)
=
∑
n
x−(n+2)
(
L(b)n + L˜
(b)
n
)
· A(b)(0) . (4.23)
Hence the action of Ln+L˜n commutes with the correspondence. This statement generalizes
the fact that the scaling dimension, which is the eigenvalue of L0 + L˜0, is preserved.
The actions of Ln, L˜n in turn determine how an arbitrary operator transforms under
conformal transformations. Specifically, under an infinitesimal conformal transformation
z 7→ z + v(z), we have:
δA(z, z¯) = −
∞∑
n=0
1
n!
(
v(n)(z)Ln−1 + v(n)(z)∗L˜n−1
)
· A(z, z¯) , (4.24)
where v(n) = ∂nv. Since the action of Ln+L˜n is preserved by the correspondence, if v
(n)(z)
is real for all n (at the location of the operator) then
δA(f) ↔ δA(b) . (4.25)
Exponentiating an infinitesimal transformation such that v(n)(x) is real for all real x yields
a finite transformation described by a real analytic function x′(x) with positive first deriva-
tive. Such “real conformal transformations” are compatible with the correspondence be-
tween the two theories, in the sense that if A(f)(x) ↔ A(b)(x) then A′(f)(x′) ↔ A′(b)(x′).
Note that real conformal transformations also preserve the order of the positions of oper-
ators along the real axis.
Just as the notion of a usual (complex) conformal transformation is local and can
be used to do a coordinate transformation on a patch of a manifold, the same holds for
real conformal transformations. A simple example is afforded by the cylinder defined by
identifying the plane in the imaginary direction w ∼ w+2pii. The conformal transformation
z = ew maps the cylinder to the plane with the origin removed. The map induces a real
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conformal transformation from the real axis in the w-plane to the positive real axis in
the z-plane. Therefore, since the correspondence between the fermion and boson theories
preserves correlators on the real axis of the z-plane, it also preserves correlators on the
real axis of the w-cylinder. Such correlators represent, in the Lorentzian theory, equal-time
correlators at finite temperature.
4.3 Partition functions and the real duality
In Section 3 we showed that the partition functions of the Dirac fermion and the self-
dual boson agree on Riemann surfaces with imaginary period matrices. In this section we
have shown so far that, under a certain one-to-one mapping between the operators of the
theories, the correlators on the real axis agree. Both results are essentially due to the fact
that the momentum lattices for the two theories are related by a rotation that preserves
the dot product, k · k′ = kLk′L + kRk′R. In this section we will argue that these results can
also be directly related to each other, since a genus-g partition function can be written in
terms of 2g-point functions on the plane. As we will review, there is a relationship between
the period matrix and the positions of the operators which is such that the period matrix
is imaginary if the positions are real. We conjecture that the reality of the positions is both
sufficient and necessary for the period matrix to be imaginary. If this conjecture is true,
the agreement between the partition functions follows from the real duality.
We first briefly review the relation between the genus-g partition function of a general
CFT and 2g-point functions on the plane, closely following the discussion in the appendices
of [28]. We begin with the Schottky construction, which describes an arbitrary genus-g
Riemann surface as a quotient of the Riemann sphere by a discrete subgroup Γ of SL(2,C).
This is a free group with generators γi, i = 1, . . . , g, that act as follows:
γi(z)− ai
γi(z)− ri = pi
z − ai
z − ri ; (4.26)
we have parametrized γi in terms of its attractive and repulsive fixed points ai, ri and the
dilatation parameter pi, which satisfies 0 < |pi| < 1. To obtain a fundamental domain for
Γ, we remove from the plane, for each i, the discs
Di =
{∣∣∣∣z − aiz − ri
∣∣∣∣ < Ri} , D−i = {∣∣∣∣ z − riz − ai
∣∣∣∣ < R−i} , (4.27)
where Ri,−i are chosen so that
RiR−i = |pi| , (4.28)
and so that none of the discs overlap. Consistency of these requirements places some
restrictions on the Schottky parameters ai, ri, pi. To reconstruct the Riemann surface, one
identifies the boundaries of Di,−i by the action of γi. There is a fundamental basis of A
and B-cycles, in which the A-cycles are represented by the ∂Di, and the B-cycles by lines
connecting Di to D−i. With the restrictions mentioned above, the Schottky parameters
cover the moduli space of genus-g Riemann surfaces (with some redundancies; for example,
one can conjugate the entire Schottky group by an element of SL(2,C) without changing
the Riemann surface).
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By the standard sewing construction, the partition function of a CFT on the surface
obtained from the Schottky construction can be written as a sum of 2g-point functions
on the plane. We will simply quote the result here; the detailed derivation can be found
in appendix C of [28]. Let {Am} be a basis of operators with conformal weights hm, h˜m
respectively, and let Gmn be the Zamolodchikov metric and G
mn its inverse. Then
Zg(pi; ai; ri) =
∑
m1,n1,...,mg ,ng
(∏
i
p
hmi
i p¯
h˜mi
i G
mini
)
×
〈∏
i
(
(ri − ai)L0(r¯i − a¯i)L˜0eL1+L˜1Ami(ri)
)(
(ri − ai)L0(r¯i − a¯i)L˜0e−L1−L˜1Ani(ai)
)〉
.
(4.29)
We will now show that (4.29) gives the same result for the partition function for the
fermion and boson theories, whenever the pi, ai, ri are all real and the pi are all positive.
First, in that case the formula simplifies as follows:
Zg(pi; ai; ri) =
∑
m1,n1,...,mg ,ng
(∏
i
p
∆mi
i G
mini(sgn(ri − ai))2smi
)
×
〈∏
i
(
|ri − ai|L0+L˜0eL1+L˜1Ami(ri)
)(
|ri − ai|L0+L˜0e−L1−L˜1Ani(ai)
)〉
. (4.30)
The factor of (sgn(ri−ai))2smi arises from writing (ri−ai)L0(r¯i−a¯i)L˜0 = |ri−ai|L0+L˜0 sgn(ri−
ai)
L0−L˜0 ; since Ami and Ani necessarily have the same spin (otherwise their Zamolodchikov
inner product would be zero), and e±(L1+L˜1) doesn’t change their statistics, we can write
the sign factor as (sgn(ri− ai))2smi and pull it out of the expectation value. From the real
duality—specifically, the agreement of scaling dimensions, the Zamolodchikov metric, the
action of Ln+ L˜n, and correlators on the real line—we see that (4.30) gives the same result
when applied to the fermion and boson theories. The factor of (sgn(ri−ai))2smi takes care
of the fact that the Ami(ri) and Ani(ai) are in the “wrong” order (for the real duality) when
ai > ri; finally, the order of the multiplicands for different values of i inside the expectation
value doesn’t matter, since Ami and Ani are either both bosonic or both fermionic, so the
full multiplicand is always bosonic. Since they have the same central charge and therefore
the same Weyl anomaly, they will also have the same partition function on any surface
related to this one by a Weyl transformation, including the constant-curvature one.
We have now proven that the partition functions of the fermion and the boson theories
are the same under two separate sets of conditions on the moduli of the Riemann surface:
1. when the period matrix Ω is imaginary (in Section 3);
2. when the Schottky parameters ai, ri, pi are all real and the pi are positive (just above).
While we are not aware of a proof in the mathematical literature, it seems very likely that
these two sets of conditions are actually equivalent, i.e. that the period matrix is imaginary
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precisely under the conditions (2) on the Schottky parameters (or rather, when the pi are
positive and the ai, ri can be chosen to be real using the SL(2,C) freedom).12 The relation
between the Schottky parameters and the period matrix (in the basis of A- and B-cycles
described above) is known explicitly, but is somewhat complicated:
e2piiΩii = pi
∏
γ∈〈γi〉\Γ/〈γi〉
(ai − γ(ai))(ri − γ(ri))
(ai − γ(ri))(ri − γ(ai))
e2piiΩij =
∏
γ∈〈γi〉\Γ/〈γj〉
(ai − γ(aj))(ri − γ(rj))
(ai − γ(rj))(ri − γ(aj)) (i 6= j) . (4.31)
Here 〈γi〉 \ Γ/〈γj〉 is the set of all γ ∈ Γ, written as words made from the letters γk=i,...g
and their inverses, such that the first letter is not γi or γ
−1
i and the last letter is not γj
or γ−1j . From (4.31) we can almost prove one direction of the equivalence. If the Schottky
parameters are real, then obviously e2piiΩij is real for all i, j. If in addition pi > 0, then
e2piiΩii > 0, hence Ωii is imaginary (the product over γ is a perfect square, hence positive,
since the multiplicand has the same value for γ and γ−1). Presumably the same can be
shown for the off-diagonal components of Ω. Showing the converse, that if Ω is imaginary
then the pi are positive and the ai, ri can be chosen to be real, seems more challenging,
and we will not attempt it here.
5 Discussion
5.1 Generalizations
5.1.1 Other configurations and states
So far in this paper we have taken the field theories being studied to be in their ground
states. However, it is straightforward to generalize the analysis to finite-temperature states.
In this case the Euclidean spacetime that gets replicated in the replica trick is periodically
identified in the Euclidean time direction (with NS boundary conditions for fermions),
giving a cylinder. Including the points at spatial infinity, this is a sphere, so the replicated
surface has the same topology as at zero temperature. Although it has a different complex
structure from the zero-temperature case, the same basis of cycles can be used, and the
dihedral representation theory argument given in subsection 3.4 goes through as before.
Hence, just as at zero temperature, this Riemann surface has an imaginary period matrix
for N = 2 and for n = 2, and therefore the Re´nyi entropies for the Dirac fermion and the
self-dual boson agree in these cases.
Another generalization is to quantize the theories on a circle, rather than a line. In
this case, the replicated surface is periodic in the spatial direction. At zero temperature
we again have a cylinder, and if we put NS boundary conditions on the fermion then the
analysis of the previous paragraph shows that we will again get agreement for N = 2 and
for n = 2. On the other hand, if we consider the theories on a circle at finite temperature,
then the Euclidean spacetime is a torus. The n-sheeted replicated surface now has an extra
12We would like to thank M. Gaberdiel, R. Volpato, and X. Yin for helpful discussion on this point.
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2n cycles, which transform in the fundamental representation of the dihedral group. The
representation theory is therefore the same as if we had added another cut (plus one extra
trivial representation). Hence the Re´nyis will agree for N = 1 and for n = 2.
Returning to the theory on the line at zero temperature, a different generalization is
to intervals in spacetime that do not lie on a constant-time line. These are more difficult to
compute, since the usual replica trick cannot be applied. However, it is possible that these
quantities are related, perhaps by some sort of analytic continuation, to Euclidean partition
functions where the endpoints ui, vi of the intervals are moved off the real axis. Since our
explanation of the agreement between the Re´nyis for the Dirac fermion and the self-dual
boson crucially required those branch points to be real (in particular in our analysis of the
symmetries of the relevant Riemann surface in subsection 3.4), it seems very likely that the
non-equal-time Re´nyis will indeed distinguish between the theories, even for two intervals.
5.1.2 Entanglement negativity
In recent work [11, 12], the authors considered the computation of the Re´nyi entropies
for the partial transpose of the reduced density matrix for two intervals.13 This involved
computing the partition function on a Riemann surface which is similar to Σn,2 but with
the sheets attached in the opposite order on one cut relative to the other. The cuts are
still on the real axis, and the surface still has a dihedral symmetry, yet the period matrices
computed in [12] are not purely imaginary. The reason that our argument in subsection
3.4 fails in this case is that the B-cycles must be chosen differently on this surface, and
the action of the dihedral group (in particular the antiholomorphic involution) mixes them
with the A-cycles, whereas we have assumed that the dihedral group acts separately on
the A- and B-cycles, as it does on ΣN,n.
A related point concerns non-modular-invariant theories such as the Dirac fermion.
The authors of [12], which studied only modular-invariant theories, obtained the Re´nyis
for the partial transpose by analytically continuing the partition function in the cross-
ratio x to real values outside the interval 0 < x < 1. However, for non-modular-invariant
theories, one must be more careful, as can be seen by considering the case n = 2. For
n = N = 2, the modular parameter τ obtained by this analytic continuation has a real
part (specifically, τ1 = 1). However, in any quantum system, the trace of the square of
the density matrix and the trace of the square of its partial transpose are identical. Since
the partition functions of the free Dirac fermion and self-dual boson do not generally agree
when τ1 6= 0, but must agree in this case, one may worry that there is a contradiction.
There is not: rather, the analytic continuation argument in [12] cannot be applied to
the non-modular-invariant Dirac fermion. The continuation gives NS boundary conditions
around the cycles a, b − a, while a direct path integral argument shows that the correct
boundary conditions are NS around the cycles a, b, even for the trace of the square of the
partial transpose.
13We thank an anonymous referee for pointing out this work and the issues it raises relative to ours.
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5.1.3 Other pairs of theories
The free Dirac fermion and the compact boson are among the simplest quantum field
theories one can study. An obvious question is whether the coincidences we have found—
concerning entanglement entropies, partition functions, and correlation functions—can oc-
cur for more complicated theories, or whether they are in some sense artifacts of these
theories’ simplicity.
One generalization to a class of more complicated theories follows straightforwardly
from our analysis. The key relationship between the Dirac fermion and self-dual boson
theories, which allowed us to show that their partition functions agreed for imaginary
period matrices (hence their Re´nyi entropies for N = 2 and for n = 2), as well as to
prove the real duality, was the fact that their momentum lattices Γ(f),Γ(b) are related by a
transformation that preserves the Euclidean inner product k ·k′ = kLk′L+kRk′R. It is clear
from our analysis that any two theories that can be described in terms of left- and right-
moving bosons on momentum lattices related by an orthogonal transformation will enjoy
the same set of coincidences. Trivial examples include T-duality (which takes kR → −kR)
and parity (which exchanges kL and kR), but more interesting examples will mix left- and
the right-movers. For integral self-dual two-dimensional lattices, Γ(f) and Γ(b) furnish the
only such example, but presumably with more bosons there are more examples. In fact, it
would be interesting to see whether there are pairs of even self-dual lattices related in this
way. One could also consider lattices that are not integral or not self-dual.
More generally, it would be interesting to study whether similar “partial” dualities can
occur for theories that are not described in terms of free bosons, or in higher-dimensional
theories.
The special role of dynamics on a codimension-one surface has the flavor of boundary
conformal field theory [29], of which a standard example is taking a CFT on the upper half
plane with some boundary conditions on the real line. An exactly solvable BCFT in terms
of an interacting self-dual scalar was described in [30], and was nontrivially fermionized
in [31] (leading to a different theory than the non-modular invariant Dirac fermion). It
would be very interesting to know if this nontrivial exact equivalence of theories is related
in some way to our real duality, which is of course not an exact equivalence.
5.2 Connections to larger issues
Taking account of what we have learned in this paper, we return in this final subsection
to the questions we posed at the beginning of the paper: Are entanglement entropies in
quantum field theories (or, more precisely, their finite parts) universal quantities, and do
they distinguish between theories?
5.2.1 Position- vs. momentum-space entanglement
The results of section 2 are consistent with the universality of the entanglement spectrum
of the reduced density matrix for spatial subsets of a field theory. More precisely, the
cutoff-independent quantities such as mutual informations are independent of the specific
Lagrangian presentation. This is consistent with the statement that a conformal field
theory is defined by the spectrum of local operators and the operator product expansion.
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We have shown the equivalence of the real-space entanglement spectra between boson
and fermionic presentations at a specific point in the moduli space of c = 1 conformal
theories, where both theories are free. There is a line of conformal field theories, which
corresponds to different radii of the free boson, and to a varying four-fermion coupling in
the dual, modular-invariant fermionic theory (here we do not mean the ungauged Dirac
fermion related by “real duality”). We expect that the entanglement spectra of this whole
line of theories are invariant under the bosonization map.
In contrast, one may consider the entanglement of regions in momentum space, as dis-
cussed in [32]. This entanglement is an important aspect of Wilsonian renormalization, in
which ultraviolet degrees of freedom are integrated out, or traced over; in any interacting
theory, the ultraviolet and infrared degrees of freedom are entangled in the ground state,
and the state of the IR theory is described by a density matrix. However, this entangle-
ment is not universal in the same sense; rather it depends very much on one’s choice of
presentation. In the case of Bose-Fermi duality for arbitrary boson radius, if we choose
the ultraviolet degrees of freedom to correspond to bosonic oscillators at high momentum,
then the ground state will factorize between ultraviolet and infrared as the theory is free.
However, if we choose the UV degrees of freedom to correspond to fermionic oscillators at
high momentum, then the four-fermion interactions guarantee that the ground state will
be highly entangled between momentum scales, as is apparent by studying the explicit
construction of the bosonic ground state in the interaction picture of the fermion theory
[33]. In general, this presentation dependence is related to the fact that in calculations of
real-space entanglement, the cutoff-dependent terms are scheme-dependent—they depend
on the details of how one partitions the theory between IR and UV degrees of freedom.
This is not to say that momentum-space entanglement is not useful; it is an important
fact about integrating out UV degrees of freedom in an interacting theory [32], and is
a measure of the interactions of a given set of degrees of freedom. But the real-space
entanglement appear to be the right tool for characterizing theories in an invariant manner.
5.2.2 Do Re´nyi entropies distinguish theories?
Our study of the free fermion and self-dual boson has given evidence that entanglement
entropies do indeed distinguish theories, if one includes regions with enough components.
As we mentioned in Section 4, this question is related to an old program of Friedan and
Shenker [25], who proposed that the set of partition functions on Riemann surfaces of all
genera, as a function of the moduli of those Riemann surfaces, might completely character-
ize modular-invariant conformal field theories. The essential point is that the factorization
limits build up these Riemann surfaces in terms of correlation functions on the sphere. The
replica trick relates this proposal to the attempt to characterize conformal field theories
via their Re´nyi entropies. The Re´nyi entropies, however, only depend on the Riemann
surfaces on a slice through the full moduli space. The question remains as to how much
information about the conformal field theory can be extracted from this restricted class of
partition functions.
Finally, we would like to point out that there exists a large class of theories for which the
distinguishing ability of entanglement entropies, along with the Friedan-Shenker program,
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fails badly in a specific limit. These are theories at large c and strong coupling—very far
from the free c = 1 theories we’ve been considering so far. Specifically, any holographic
CFT whose dual is Einstein gravity (possibly coupled to some matter) will have the same
partition function at leading order in 1/c on a given Riemann surface. The reason is that the
partition function is determined by the solution to the Euclidean Einstein equation whose
boundary is the given Riemann surface; since none of the other fields are sourced by the
boundary conditions, the solution will be locally AdS3 regardless of the matter content.
In fact, we can go further: because the solution is locally AdS3, it will not be changed
even in the presence of higher-derivative corrections to the bulk action, and the partition
function will be changed only by an overall factor which amounts to a renormalization of
the central charge. Such corrections correspond to moving away from infinite coupling in
the boundary theory. Going even further, there is evidence that “free” large-c CFTs such
as symmetric-product orbifolds also have the same partition functions as holographic ones
[34, 35]. (By “large-c theory” we mean one where the spectrum does not decompactify in
the large-c limit, i.e. the number of operators below any given scaling dimension remains
finite.)
If all large-c CFTs have the same partition functions on arbitrary Riemann surfaces,
then they also have the same Re´nyi entropies for arbitrary N and n. Further evidence for
this proposition comes from several directions. First, the Ryu-Takayanagi formula [36–38]
gives the same results for the entanglement von Neumann entropies of any set of intervals
in any theory whose ground state is represented by AdS3 (global or Poincare´), irrespective
of what matter content the bulk theory might have. While this formula only applies when
the bulk theory is Einstein gravity, it can be argued that this agreement survives higher-
derivative corrections to the bulk action, based on the symmetries of AdS3 together with
a standard ansatz for the effect of such corrections on the entropy [17]. Finally, in [17],
direct evidence was found using CFT techniques that the Re´nyi entropies are the same for
all large-c CFTs.
We have argued that a large class of theories have identical partition functions and
entanglement spectra.14 All of these arguments are approximate, in that they apply only
to the leading (order-c) parts of the partition functions and entropies. It seems likely that
1/c corrections will indeed distinguish between theories.
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A A resummation of the self-dual boson partition function
In this appendix we will derive (3.23) from (3.20). Let Ω = A+ iK, with A,K symmetric
and real, and K positive definite. Plugging (3.21) into the sum in (3.20),
I =
∑
~∈Zg2
∣∣ϑ[ ~
0
]
(0|2Ω)∣∣2 = ∑
~m,~n∈Zg
∑
~∈Zg2
exp
[
2pii(n+ )iAij(n+ )
j
−2pii(m+ )iAij(m+ )j − 2pi(n+ )iKij(n+ )j − 2pi(m+ )iKij(m+ )j
]
(A.1)
Using
2xiKijx
j + 2yiKijy
j = (x− y)iKij(x− y)j + (x+ y)iKij(x+ y)j , (A.2)
the sum in (A.1) can be rewritten as:
I =
∑
~m,~n∈Zg
∑
~∈Zg2
exp
[
2pii(n+ )iAij(n+ )
j − 2pii(m+ )iAij(m+ )j
−pi(n+m+ 2)iKij(n+m+ 2)j − pi(n−m)iKij(n−m)j
]
(A.3)
Defining ~`= (~n− ~m), we find ~n+ ~m+ 2~ = ~`+ 2~m+ 2. Eq. (A.3) can now be rewritten
as:
I =
∑
~m,~`∈Zg
∑
~∈Zg2
exp
[
1
2
pii(2`+ 2m+ 2)iAij(2`+ 2m+ )
j − 1
2
pii(2m+ 2)iAij(2m+ 2)
j
−pi(`+ 2m+ 2)iKij(`+ 2m+ 2)j − pi`iKij`j
]
(A.4)
m appears only in the form 2m+ 2. Summing over all m means summing over even 2m;
since ~ ∈ {0, 12}g, summing over m and  means 2~m+ 2~ take all values in Zg once; we can
thus replace the sums over ~m and ~ with a sum over ~k = 2~m+ 2~, so that (A.4) becomes
I =
∑
~`,~k
exp
[
pii(2`+ k)iAij(2`+ k)
j − piikiAijkj − pi(`+ k)iKij(`+ k)j − pi`iKij`j
]
(A.5)
Shifting ~k → ~k − ~`, (A.5) becomes
I =
∑
~`,~k
exp
[
2pii`iAijk
j − pi`iKij`j − pikiKijkj
]
, (A.6)
and recalling that the self-dual momentum lattice is simply kL ± kR ∈
√
2Z, we recover
(3.23).
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B Representations of the dihedral group
The dihedral group Dn is generated by two elements: g such that g
n = 1, generating a Zn
subgroup, and τ such that τ2 = 1, which satisfy the relation gτ = τg−1. A good reference
for this subject is [39].
For n odd there are n+32 irreducible representations:
• The trivial representation 1.
• An additional one-dimensional representation T with g = 1, τ = −1.
• n−12 two-dimensional representations Rk=1,...,n−12 with
g =
(
e
2piik
n 0
0 e
−2piik
n
)
; τ =
(
0 1
1 0
)
(B.1)
One may write these representations for any k, but for k > (n − 1)/2, they are
equivalent to one of the above.
For n even there are n+62 irreducible representations:
• The trivial representation 1.
• The one-dimensional representation T with g = 1,τ = −1.
• The one-dimensional representation S with g = −1,τ = 1.
• The one-dimensional representation U with g = −1,τ = −1.
• n−22 two-dimensional representations Rk=1,...,n−12 with
g =
(
e
2piik
n 0
0 e
−2piik
n
)
; τ =
(
0 1
1 0
)
(B.2)
One may write these representations for any k, but for k > (n − 2)/2, they are
equivalent to one of the above.
C The boson at arbitrary radius
Using the replica trick and classic results on correlators of twist fields in orbifold CFTs,
Calabrese, Cardy, and Tonni (CCT) [6] calculated the Re´nyi entropies SRn (A) for two
intervals for the compact boson at arbitrary radius R; their result is shown in (2.4). In
this appendix we will use the techniques developed in Section 3 to reproduce their result
in a different way.
The basic idea is do a direct calculation of the partition function on the replicated
surface Σn,2 by Weyl-transforming it to a non-singular surface and then applying (3.20)
(or more precisely its generalization to arbitrary radius). However, to avoid having to
compute the Liouville action (3.2) and the Laplacian determinant appearing in (3.20), we
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consider a ratio of the partition function of the boson to that of the Dirac fermion, and
use Casini, Fosco, and Huerta’s result (2.3) for the latter [8, 9]. All of the complicating
factors are the same for the two theories, since they have the same central charge and
same oscillators, and therefore cancel in the ratio, leading to quite a simple calculation.
Furthermore, this derivation explains why the boson result takes the form of the fermion
result plus a correction term.
Let us proceed with the calculation. Since both theories have c = 1, they have the
same Liouville action for any Weyl transformation; therefore the ratio of partition functions
is independent of the choice of fiducial metric:
SRn (A) = S
(f)
n (A) +
1
1− n ln
ZR
Z(f)
= S(f)n (A) +
1
1− n ln
ZˆR
Zˆ(f)
. (C.1)
The partition function for the boson at arbitrary R is essentially given by the same formula
as in the self-dual case (3.23), but with the momentum lattice Γ(b) (defined in (3.5))
generalized to
ΓR =
{
(kL, kR) : kL + kR ∈
√
2/ηZ, kL − kR ∈
√
2ηZ
}
(C.2)
(recall that η = R2/R2sd). It’s useful to express kL,R in terms of the integral momentum
and winding numbers n,w:
kL,R =
1√
2η
n±
√
η
2
w . (C.3)
The dot product appearing in the partition function becomes
k · k′ = kLk′L + kRk′R =
1
η
nn′ + ηww′ . (C.4)
As we showed in subsection 3.4, for N = 2, the period matrix is always imaginary (A = 0,
Ω = iK). Hence the ratio of partition functions is
ZˆR
Zˆ(f)
= 2(1−g)/2
ϑ(0|Ω/η)ϑ(0|ηΩ)
ϑ(0|Ω)2 . (C.5)
As discussed at the end of subsection 3.3, the factor of 2(1−g)/2 contributes a constant to
the non-universal part of the Re´nyi entropies, and can be neglected. We thus have
SRn (A) = S
(f)
n (A) +
1
1− n ln
ϑ(0|Ω/η)ϑ(0|ηΩ)
ϑ(0|Ω)2 . (C.6)
This result is extremely similar to the CCT result (2.4), the only difference being that the
matrix Γ appearing there is replaced by the period matrix Ω. However, CCT claim based
on numerical evidence that for any η,
ϑ(0|ηΩ) = ϑ(0|ηΓ) (C.7)
(see appendices A, B, C of [6]), establishing that (C.6) and (2.4) agree. In fact, CCT give
an explicit formula for Ω, which is no more complicated than that for Γ, so (C.6) may itself
be useful for direct calculation of the Re´nyis.
– 37 –
Note that the result (C.6) holds not just for the case N = 2, arbitrary n, treated by
CCT, but also for the case n = 2, arbitrary N , since Ω is imaginary there as well (as shown
in subsection 3.4). However, to apply (C.6), one would need to compute Ω. The Riemann
surface Σ2,N is hyperelliptic in that case, and one might be able to compute its period
matrix via the associated Picard-Fuchs equations.
References
[1] A. Hamma, R. Ionicioiu, and P. Zanardi, Ground state entanglement and geometric entropy
in the kitaev model, Physics Letters A 337 (2005), no. 1 - 2 22 – 28.
[2] A. Kitaev and J. Preskill, Topological entanglement entropy, Phys.Rev.Lett. 96 (2006)
110404, [hep-th/0510092].
[3] M. Levin and X.-G. Wen, Detecting topological order in a ground state wave function, Phys.
Rev. Lett. 96 (Mar, 2006) 110405.
[4] S. T. Flammia, A. Hamma, T. L. Hughes, and X.-G. Wen, Topological entanglement re´nyi
entropy and reduced density matrix structure, Phys. Rev. Lett. 103 (Dec, 2009) 261601.
[5] P. Calabrese and J. L. Cardy, Entanglement entropy and quantum field theory, J.Stat.Mech.
0406 (2004) P06002, [hep-th/0405152].
[6] P. Calabrese, J. Cardy, and E. Tonni, Entanglement entropy of two disjoint intervals in
conformal field theory, J.Stat.Mech. 0911 (2009) P11001, [0905.2069].
[7] P. Calabrese and J. Cardy, Entanglement entropy and conformal field theory, J.Phys.A A42
(2009) 504005, [0905.4013].
[8] H. Casini, C. Fosco, and M. Huerta, Entanglement and alpha entropies for a massive Dirac
field in two dimensions, J.Stat.Mech. 0507 (2005) P07007, [cond-mat/0505563].
[9] H. Casini and M. Huerta, Reduced density matrix and internal dynamics for multicomponent
regions, Class.Quant.Grav. 26 (2009) 185005, [0903.5284].
[10] H. Casini and M. Huerta, Entanglement entropy in free quantum field theory, J.Phys.A A42
(2009) 504007, [0905.2562].
[11] P. Calabrese, J. Cardy, and E. Tonni, Entanglement negativity in quantum field theory,
Phys.Rev.Lett. 109 (2012) 130502, [1206.3092].
[12] P. Calabrese, J. Cardy, and E. Tonni, Entanglement negativity in extended systems: A field
theoretical approach, 1210.5359.
[13] L. Alvarez-Gaume, G. W. Moore, and C. Vafa, Theta Functions, Modular Invariance and
Strings, Commun.Math.Phys. 106 (1986) 1–40.
[14] L. Alvarez-Gaume, J. Bost, G. W. Moore, P. C. Nelson, and C. Vafa, Bosonization on Higher
Genus Riemann Surfaces, Commun.Math.Phys. 112 (1987) 503.
[15] C. Holzhey, F. Larsen, and F. Wilczek, Geometric and renormalized entropy in conformal
field theory, Nucl.Phys. B424 (1994) 443–467, [hep-th/9403108].
[16] S. Elitzur, E. Gross, E. Rabinovici, and N. Seiberg, Aspects of Bosonization in String
Theory, Nucl.Phys. B283 (1987) 413.
[17] M. Headrick, Entanglement Re´nyi entropies in holographic theories, Phys.Rev. D82 (2010)
126010, [1006.0047].
– 38 –
[18] O. Lunin and S. D. Mathur, Correlation functions for M**N / S(N) orbifolds,
Commun.Math.Phys. 219 (2001) 399–442, [hep-th/0006196].
[19] H. Farkas and I. Kra, Riemann Surfaces. Graduate Texts in Mathematics. Springer-Verlag,
1992.
[20] V. Z. Enolski and T. Grava, Singular ZN -curves and the Riemann-Hilbert problem,
International Mathematics Research Notices 2004 (2004), no. 32 1619–1683,
[math-ph/0306050].
[21] V. Enolski and T. Grava, Thomae Type Formulae For Singular ZN Curves, Letters in
Mathematical Physics 76 (2006) 187–214, [math-ph/0602017].
[22] R. Dijkgraaf, E. P. Verlinde, and H. L. Verlinde, C = 1 Conformal Field Theories on
Riemann Surfaces, Commun.Math.Phys. 115 (1988) 649–690.
[23] B. Gross and J. Harris, Real algebraic curves, Ann. scient. E´c. Norm. Sup 14 (1981), no. 2
157–182.
[24] M. Seppa¨la¨ and R. Silhol, Moduli spaces for real algebraic curves and real abelian varieties,
Mathematische Zeitschrift 201 (1989) 151–165.
[25] D. Friedan and S. H. Shenker, The Analytic Geometry of Two-Dimensional Conformal Field
Theory, Nucl.Phys. B281 (1987) 509.
[26] P. Goddard and D. I. Olive, Algebras, Lattices and Strings. 1983.
[27] J. Polchinski, String theory. Vol. 1: An introduction to the bosonic string. Cambridge
University Press, 1998.
[28] M. R. Gaberdiel, C. A. Keller, and R. Volpato, Genus Two Partition Functions of Chiral
Conformal Field Theories, Commun.Num.Theor.Phys. 4 (2010) 295–364, [1002.3371].
[29] J. L. Cardy, Boundary conformal field theory, hep-th/0411189.
[30] C. G. Callan, I. R. Klebanov, A. W. Ludwig, and J. M. Maldacena, Exact solution of a
boundary conformal field theory, Nucl.Phys. B422 (1994) 417–448, [hep-th/9402113].
[31] J. Polchinski and L. Thorlacius, Free fermion representation of a boundary conformal field
theory, Phys.Rev. D50 (1994) 622–626, [hep-th/9404008].
[32] V. Balasubramanian, M. B. McDermott, and M. Van Raamsdonk, Momentum-space
entanglement and renormalization in quantum field theory, 1108.3568.
[33] D. C. Mattis and E. H. Lieb, Exact solution of a many fermion system and its associated
boson field, J.Math.Phys. 6 (1965) 304–312.
[34] R. Dijkgraaf, J. M. Maldacena, G. W. Moore, and E. P. Verlinde, A black hole farey tail,
hep-th/0005003.
[35] C. A. Keller, Phase transitions in symmetric orbifold CFTs and universality, JHEP 1103
(2011) 114, [1101.4937].
[36] S. Ryu and T. Takayanagi, Holographic derivation of entanglement entropy from AdS/CFT,
Phys.Rev.Lett. 96 (2006) 181602, [hep-th/0603001].
[37] S. Ryu and T. Takayanagi, Aspects of Holographic Entanglement Entropy, JHEP 0608
(2006) 045, [hep-th/0605073].
[38] T. Nishioka, S. Ryu, and T. Takayanagi, Holographic Entanglement Entropy: An Overview,
J.Phys.A A42 (2009) 504008, [0905.0932].
– 39 –
[39] J. S. Lomont, Applications of Finite Groups. Academic Press, 1959.
– 40 –
